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The renormalization of softly broken SQED is related to the one of supersymmet- 
ric QED by using the construction with a local gauge supercoupling and by taking 
into account softly broken anomalous axial U(l) symmetry. From this extended model 
one obtains the non-renormalization theorems of SQED and the counterterms of the 
soft breaking parameters as functions of the supersymmetric counterterms. Due to the 
Adler-Bardeen anomaly of the axial current an invariant regularization scheme does 
not exist, and therefore the (3- functions of soft breaking parameters are derived from 
an algebraic construction of the Callan-Symanzik equation and of the renormalization 
group equation. We obtain the soft /3-functions in terms of the gauge /3-function and 
of the anomalous dimension of the supersymmetric matter mass. In particular, we find 
that the X-term of the scalar mass /^-function as well as the gauge /3-function in / > 2 
are due to the Adler-Bardeen anomaly of the axial symmetry. 
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1 Introduction 

Starting with the investigations of Yamada |lj there has been considerable pro- 
gress in relating the /3-functions of soft supersymmetry breaking parameters [0 
to the /3-functions and anomalous dimensions of the supersymmetric model ||. f|, 

ii- 

There are two different approaches in extracting /3-functions of the softly broken 
model from the respective supersymmetric model: The first approach [[I], [3], |J 
is based on the superfield formalism J/| ||, |], [H| and exploits supergraph tech- 
niques to relate the UV counterterms of softly broken and supersymmetric gauge 
theories. In the second approach |TT| , [5], [H| || renormalization group invariant 
quantities are used for deriving all-order expressions for the /3-functions of soft 
breaking parameters. The latter computation is mainly based on the component 
formalism using dimensional reduction (DRED) as a supersymmetric regulariza- 
tion scheme. 

From the beginning it has been seen that the calculation of the scalar mass (3- 
function is somewhat involved: In dimensional reduction a mass term for e scalars 
is introduced, which enters the /3-function of the scalar mass in two-loop order 
[ |T3|j . By a redefinition from the DRED to a DRED' scheme the scalar mass (3- 



function can be defined in terms of physical parameters |L4|, J15] , and one gets 
then an extra contribution, called X-term |J. It is the X-term, in which the 
results gained from a simple application of supergraph techniques differ from the 
explicit expressions from 2-loop order onwards. 

It is obvious that such ambiguities can be only resolved by a scheme-independent 
construction of softly broken supersymmetric models. In the present paper we 
introduce such a scheme-independent definition of softly broken SQED, which 
describes at the same time the non-renormalization theorems and the relation 
of soft breaking to the supersymmetric parameters. In particular it is shown 
that the X-term is in effect generated by the supersymmetric extension of the 
Adler-Bardeen anomaly. 

For the construction we use an extended model of SQED which has been con- 
sidered in a recent paper [ HJ for the derivation of non-renormalization theorems 



in the Wess-Zumino gauge. In addition to the physical fields it contains a local 
gauge coupling with its superpartners, a chiral multiplet coupled to the mass 
term of matter and an axial vector multiplet. In the extended model the photino 
mass is generated by the gauge supercoupling and the left-right mixing scalar 
mass is generated by the chiral field of the matter mass term as proposed in the 
literature ]3], |TT|. Differently from their approaches, the scalar mass of matter is 
generated by the D-component of the axial vector multiplet. The interaction of 
the axial vector multiplet with the matter fields is governed by softly broken axial 



symmetry. Axial symmetry, however, is broken by the Adler-Bardeen anomaly. 
In presence of the local gauge coupling the Slavnov-Taylor identity can be mod- 
ified in such a way that it includes the anomaly. Then the renormalization of 
softly broken SQED is defined by the anomalous Slavnov-Taylor identity. From 
this identity we obtain the non-renormalization theorems in the same way as in 
the supersymmetric model, and the relations between softly broken SQED and 
super symmetric QED are derived from a scheme independent algebraic construc- 
tion. 



In this respect the present construction is superior to the constructions [fTT| , [18|| of 
softly broken supersymmetric theories in the framework of algebraic renormaliza- 
tion. Irrespective of the fact whether the soft breakings are introduced by BRS 
doublets or by spurion fields, their divergences do not appear to be related to the 
divergences of the supersymmetric theories. Like the non-renormalization theo- 
rems, the specific renormalization properties of softly broken supersymmetry are 
not direct consequence of supersymmetry, but are a consequence of the multiplet 



structure of supersymmetric Lagrangians [1£. 16]. Indeed, the soft mass break- 
ings are the lowest components of the Lagrangian multiplets and this property 
is only exploited with the use of a local supercoupling and of axial symmetry as 
proposed in the present paper. 

The plan of the paper is as follows: In section 2 we introduce the classical action 
of the extended model of SQED including the soft supersymmetry breaking. In 
section 3 we give the defining symmetries for the construction of higher-order 
Green functions. In particular, we show that the Green functions satisfy an 
anomalous Slavnov-Taylor identity, which includes the Adler Bardeen anomaly, 
to all orders. In section 4 we derive the invariant counterterms and comment 
on the non-renormalization theorems. In section 5 we discuss the normalization 
conditions. Section 6 and section 7 is devoted to the derivation of soft mass 
/5-functions: We first derive the Callan-Symanzik equation and prove then, that 
in mass independent schemes their coefficient functions are related to the ones 
of the renormalization group equation. The all-order expressions of soft mass 
/3-functions follow from symmetries of the extended model in the same way as 
the closed form of the gauge f3 function. In the appendices we summarize the 
BRS transformations and the symmetric operators in their general form. The 



conventions are the ones we have given in appendix A of [16 . 



2 The classical action 

In a recent paper [0J the non-renormalization theorems of SQED have been 



derived in the Wess-Zumino gauge [^(J by extending the gauge coupling to an 
external real superfield and by taking into account softly broken axial symmetry 
with its anomaly. The extended model of SQED can be immediately used also for 
a consistent description of the soft supersymmetry breaking. The soft breaking 
terms of the Giradello-Grisaru class [0] are implicitly included in the extended 
model since they couple to the highest components of external field multiplets. 
They are generated when we introduce a constant shift in these external field 
components. Explicitely we introduce the following external field multiplets with 
associated shifts: 

• The local gauge coupling e(x) is the lowest component of a real superfield 
E(x, 9, 9), which itself is composed of a chiral and an antichiral field multi- 
plet rj(x,9) a.ndr](x,9): 

E(x, 9, 9) = (rj(x, 9, 9) + rj(x, 9, 0))"* = e(x) + O(0, 9) (1) 

with 

rj(x, 9)= V + 9 a Xa + 9 2 f , rj(x, 9)=rj+ 9^t + tf (2) 



in the chiral and antichiral representation, respectively. Shifting the highest 
components of the chiral and antichiral field multiplet 

/-/+^, 7-/+^, (3) 

e e 

we will obtain a mass term for the photino in the classical action. 

The axial current is coupled to an external axial vector multiplet. When 
we shift the D-component of the axial vector multiplet 

V*= (V,X a X,f>) (4) 

with 

D -»■ D- 2M 2 , (5) 

a mass term for the scalar superpartners of the electron is present in the 
classical action. 



• The chiral and antichiral field multiplets 

q l = (q,q a ,q F ) and cf = (g, <f, q F ) (6) 

with dimension one couple to the supersymmetric mass term. By a shift in 
their F-components one generates the left-right-mixing mass term, usually 
called the 6-parameter, for the scalar superpartners of the electron in the 
classical action: 

qF -»• qF-b , qp^qF-b- (7) 

The 6-parameter has mass dimension 2. 

The shifts appear not only in the classical action, but modify also the axial trans- 
formations and the supersymmetry transformations of the corresponding fields. 
However, their presence in the symmetry transformations does not change the 
algebraic characterization and the algebraic structure of symmetry transforma- 
tions and the model with soft breaking is described by the same symmetries as 
the supersymmetric model. Hence, the renormalization properties remain un- 
changed in softly broken SQED. It is the purpose of the present paper to work 
out explicitly the symmetric counterterms and the /3-functions in presence of soft 
supersymmetry breaking. All expressions are immediately obtained from the ex- 
pressions in the symmetric model |)16||, but for a clear presentation we summarize 



the construction in a condensed form. 

In the Wess-Zumino gauge the algebra of supersymmetry transformations closes 
on field dependent gauge transformations and the gauge fixing of the photon 
cannot be given in a supersymmetric form. To overcome these difficulties one 
uses a BRS formalism and combines the symmetries of the model in the BRS- 
transformations |H], |22|. On fields with ghost charge zero the BRS operator 



acts as a combination of gauge symmetry, axial symmetry, supersymmetry and 
translations: 

s( t> = (<* c g (T + s St + e ^ + ^ - ^W ■ ( 8 ) 

The ghost fields c(x),c(x) replace the local transformation parameters of gauge 
transformations and axial transformations, and the constant ghosts e a , e a and 
cj m are the constant supersymmetry and translational ghosts, respectively. BRS- 
transformations of the ghosts are determined by the structure constants of the 
algebra and the algebra of symmetry transformations is expressed in on-shell 
nilpotency of the BRS operator. The BRS transformations of the fields are 
summarized in appendix A. They differ from the BRS transformations in the 
symmetric model by shifts in the scalar components of external fields. 



The complete classical action is decomposed into the physical part r susy , the gauge 
fixing and ghost part r g .f and an external field part r cxt f, which makes possible 
to describe the BRS invariance of the action by the Slavnov-Taylor identity: 



susy 



+ r g . f . + r«t. f . . (9) 



r susy is invariant under gauge transformations with the local gauge coupling, 
supersymmetry transformations and axial transformations. Up to normalization 
constants it is determined by these symmetries and the construction results in 
the following form: 

r susy = Jd A x (-^F^{eA)F^{eA) + '-{XadX - dXaX) (10) 



2 W " ^ ' 8 W 


'// fits 


\"-~/~ p°\' 


+ l -e( X a^X-\a^x)F^(eA)- 


- -e 2 fXX - 
2 J 
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-^M X (XX + XX) 







+ [D^ L D^ L + i^L D ^l + ieQ L V2(Xip L ip L - X$ L tp L ) 
+ iV2(XipiJPL ~ MlVl) + ^DTp L cp L + ( L ^ R ] 
-M 2 (lp L (fi L + lp R ip R ) 

1 — 2 

- g (^ 2 (xA - xX) + 2eQ L (ip L Tp L - ip R Tp R )) 

-(q + m)(q + m)((p R Tp R + ipiJP L ) ~ ((<? + m)^L^Ra + cc.) 

+ qFVUPR + QfWiJPr ~ K^lVr + VlVr) 



The fields A^ and X a ,X are the photon and photino and lpa^a,A = L,R 
and their complex conjugate the left- and right-handed matter fields with charge 
Ql = — 1 and Q R = 1. The covariant derivatives are covariant with respect to 
gauge transformations and axial transformations: 

Dp(l)A = (d IM + iQAA IM + iV ll )<f>A, D^ A = (D^aY , <j> = i(;,(p. (11) 

The gauge fixing and ghost part of the action, r g .f., as well as the external field 
part r cxt .f only depend on the local gauge coupling e(x) and have the same form as 



in the symmetric model [nj . Using the auxiliary field B for describing the gauge 
fixing term, the gauge fixing and ghost part can be written as a BRS-variation: 

r g . f . = s fd 4 x (^cB + c^d(eA)) = fd A x (^B 2 + B^d(eA)) + r ghost . 

(12) 

The explicit form of r g h os t is not relevant for the further construction. 

The classical action satisfies the Slavnov- Taylor identity 

<s(r cl ) = o , (13) 

with the usual Slavnov- Taylor operator (see (JS0|)). It describes BRS invariance of 
the classical action as well as the algebraic structure of symmetry transformations. 

When we take the limit to constant coupling and set all further external fields to 
zero, the classical action becomes the classical action of SQED with soft super- 
symmetry breaking: 



iimr cl |^ =rr D + r S o ft -r^ ED (14) 



with 



\oft = y^(-^M A (AA + AA) 

- M 2 ((p L lp L + <p R Tp R ) - b((p L (p R + VlVrYj • (15) 



The classical action (0) is the starting point for the perturbative calculations. It 
turns out that it is complete in the sense of multiplicative renormalization. 



3 Symmetries and renormalization 

In the perturbative construction the local coupling and its superpartners are 
considered as external fields which appear in the same way as ordinary external 
fields in the generating functional of 1PI Green functions I\ However the chiral 
and antichiral fields which compose the local coupling are distinguished from the 
dimensionless spurion fields by the property that the local gauge coupling is the 
perturbative expansion parameter. This is the content of the topological formula 

N e{x) = iV amp .iegs + N Y + 2N f + 2N X + 2N v -r, + 2(1 - 1) , (16) 



which determines the number of local couplings in a specific diagram in depen- 
dence of the loop order I. Here iV am p.i e g S counts the number of external amputated 
legs with propagating fields (A^, A, (fA, ipA, c,c and the respective complex conju- 
gate fields), Ny gives the number of BRS insertions, counted by the number of 
differentiations with respect the the external fields Y$. Nf, N x and N v ^ gives 
the number of insertions corresponding to the respective external fields. As for 
the classical action the validity of the topological formula ensures that the limit 
to constant coupling results in the 1PI Green functions of ordinary SQED with 
soft breaking. 

The topological formula is not the only restriction on the appearance of the rj and 
77-multiplets, but it is seen that the classical action depends on the parity odd 
scalar field rj — r] only via a total derivative. The corresponding Ward identity 



d A x ( 



5 5 
5r] 8rj 



)r = o 



;i7) 



can be maintained in the course of renormalization. It was shown that this iden- 
tity in combination with supersymmetry is the basis for the non-renormalization 



theorems 16 



Supersymmetry, abelian gauge symmetry and axial symmetry are included in the 
Slavnov-Taylor identity. However, at the quantum level axial symmetry is broken 
by the Adler-Bardeen anomaly [p4 , p5f| . In the model with local gauge coupling 
the Adler-Bardeen anomaly can be absorbed into a modified Slavnov-Taylor iden- 
tity and due to the non-renormalization of the anomaly it can be proven that the 
generating functional of 1PI Green functions satisfies the following anomalous 
Slavnov-Taylor identity to all orders 



16 



S(T) + r w 5ST = , 
where S(T) is defined in Q50D and 



5ST = -U I d A x (c(— --L) 2i(ca>')' x V,. 



\8t] 5tj 

— a § _ § \ 

+ 2e«A — -2\ a e a ^)T 
5f Sf) 



** X-rja 



ST 



2i(a tM e) a V„ 



5 X a 



(19) 



Here r^ is the coefficient of the anomaly determined from the usual triangle 
diagrams: 



-.(i) 



167T 2 



(20) 



The operator ([19]) describes the supersymmetric extension of the Adler-Bardeen 
anomaly. Due to the appearance of the supersymmetry ghosts e a and e a it modi- 
fies the supersymmetry transformations of the axial vector multiplet. It has been 
shown in ref. [FJ| that these modifications are the Wess-Zumino-gauge analogue 



of the Konishi anomaly in superspace |2j| [27J . 

The anomalous Slavnov- Taylor identity fllq ) is the defining symmetry of higher- 
order Green functions. The anomaly part turns out to have indeed important 
implications for the /3-functions of the gauge coupling and as we will show here, 
for the /3-function of the scalar mass M. 



From the ghost equations 

8T 5T cl 5T 5T cl 



(21) 



Sc 5c 6c Sc 

one derives the gauge Ward identity and the anomalous Ward identity of axial 



symmetry |16 



In addition to these symmetries the Green functions are invariant under charge 
conjugation and parity. R-parity as defined in [[16]] is broken by the mass term 
of the photino and the left-right mass term of scalars. However, R-parity is 
defined by a global £7(l)-symmetry with a discrete transformation angle. The 
corresponding global Ward identity can be derived also in the case of soft breaking 
and includes the mass shifts expressing soft breaking of the global U(l) symmetry: 

W R T = (22) 

with 



<SA« 6<f Sx° 

_ 2( , F _^_ 2(/+ ^_, C .) 

V de a de a 

R-parity in the usage of transforming all susy fields to their negative is maintained 
but its consequences are already included in the global Ward identity ([22]). 



Together with the topological formula (Jl6|), the anomalous Slavnov-Taylor iden- 
tity (pT8|), the identity (0) and the global Ward identity (^) uniquely define the 
1PI Green functions of the extended model up to invariant counterterms. Taking 

8 



the fields of the axial vector multiplet and the fields of the q multiplet to zero 
we find in limit to constant coupling the 1PI Green functions of softly broken 
SQED, which we denote with p SQED : 



lim T 



v l =o 

q i =0 



psSQED _ ^24) 



4 Symmetric counterterms 

The appearance of symmetric counterterms gives a hint on the divergences of the 
model. In particular, absence of symmetric counterterms means that the corre- 
sponding Green functions are determined by non-local expressions, which cannot 
appear with independent divergences. In [16] we have found that counterterms 
to the chiral vertices and counterterms to the photon self energy in I > 2 are 
excluded as a consequence of supersymmetry and the identity ([171) . The same 
arguments apply here in the model with soft supersymmetry breaking and we 
find the same types of symmetric counterterms as in the supersymmetric model. 
Due to the shifts in the external fields, the symmetric counterterms include now 
the soft breaking parameters as functions of the supersymmetric parameters. 

Symmetric counterterms are invariants with respect to the symmetries of the 
model. However, a general classical solution, i.e. a local action satisfying the 
anomalous Slavnov-Taylor identity, does not exist. Thus, an invariant regu- 
larization scheme for the extended model cannot be constructed and invariant 
counterterms can only be given order by order in the perturbative expansion. As 
such, they are restricted by the symmetries of the classical action: 



*r cl rg inv = o , Jd* x (A _ |) rf) mv = o , w*r2 inv = o , (25) 

and r ctj inv is invariant under the discrete symmetries C and P. A further constraint 
on the counterterms is the topological formula (|16D , which determines the order 
in the local coupling. 

Owing to these restrictions we have five types of invariant counterterms: a one- 
loop counterterm to the kinetic term of the photon multiplet, a counterterm to 
the matter term of the action and three gauge dependent field redefinitions for 
the matter fields. The counterterms are best expressed in form of Sr cl -invariant 
operators acting on the classical action. The five invariant operators correspond- 
ing to the invariant counterterms are given in their general form in appendix B. 
Here we discuss the limit to constant coupling. 



The one-loop counterterm to the kinetic term of the photon multiplet r^ t kin 
is determined by the symmetric operator V kin (^3]). Using the identity 

lim fd'x M x (^- + t) r cl = e 2 M x d Mx T J QED , (26) 

E->eJ \df df/ 

it reads in the limit to constant coupling 

^e 2 (ed e + 2M x d Mx - N A - N x (27) 

■ N c + N Yx +N B + Nc- 2^) rf QED 



lim F (1) 

£ IU L ct.kin " o 

E^e ' Z 



with 



Nj, = / d^x — — , if 6 is a real field, 



, ii y ikJ " j-^""- ""'"i 



/A A 

<i 4 x (- — I — =) , if is a complex field. (28) 

b(p Sep 

Hence, the symmetric counterterm T ct kin describes the renormalization of 
the gauge coupling, field redefinitions of the photon and photino and the 
renormalization of the photino mass. 

The counterterm to the matter part of the action is decomposed into a field 
redefinition of matter fields and additional invariant counterterm Ty v . In 
its general form it contains redefinitions of the axial vector multiplet into 
components of the supercoupling E 21 and the g-field renormalization. It is 
determined by the operator T>y v fl85|) and results in the limit to constant 
coupling in a counterterm for the matter mass terms and the q- vertices: 

hm rg Vf , = -2e 2l (N t + md m \l{l + l)j&Md M (29) 

+ (2l^p + l)bd b )T^ ED . 



There we have used the following relations: 



8 



Md M T d = -4M 2 Jd 4 x—T d , 

bd b T cl = -b fd 4 x (-A- + Jr-V* , (30) 

J \dq F bq F / 

which make possible to eliminate for constant coupling the field differentia- 
tion appearing in the symmetric operator T>y v in favour of a mass derivative. 

10 



There are three types of gauge dependent field redefinitions (see (|91~D,((|92j) 
and (|93|) ). Two of them correspond to the individual field redefinitions of 
electrons and selectrons: 

lim r£„ = e 2l fJ\0(% L + N VR - Ny VL - NyjVf^ , 



Ijm r^ = e 2 '4' } (0(iV^ + N+ a - N Y ^ - N Y JT S ^ EB . (31) 



The third one redefines an electron into a selectron and the spinor com- 
ponent of the local coupling. For constant coupling there remains only a 
contribution in the external field part: 

fc r £*> = -2/e 2 7S(0v / 2M A {fY^ L - e h Y«Tp L + ( L -> R )) (32) 

Its appearance shows that we have to expect an independent divergence in 
the external field part describing the supersymmetry transformation of the 
electron. Since the counterterm is linear in propagating fields, it cannot 
be inserted into loop diagrams and it is not relevant for the definition of 
physical Green functions. 



We want to note that there is no symmetric counterterm corresponding to a field 
redefinition of selectron field ^>l into the right-handed selectron field Tp R , because 
it is excluded by the global Ward identity W R r ctinv = 0. 

The action of invariant counterterms in loop order / is a linear combination of 
the symmetric counterterms (0), (0), (0) and (|32|): 



r(Q _ (i) r (i) x I (0p(0 

1 ct,inv — ^kin 1 ct,kin ^ ' Z Vv l ct,Vv 

+ 4° r S,(o + 4° r 2#) + 4i r 2^(0 • ( 33 ) 



It is illuminating to rewrite these counterterms as parameter and field renormal- 
izations in the classical action: 

T cl ((l + *(0) e , (1 + zf)h (1 + z®)Mi) = r cl (e, 0, M t ) + rg^ + o(h 21 ) 

(34) 



Comparing the ^-factors in ( 34]) with the ones in (^) yields: 



^ = -^ 2 4;i and aff = -2e*s&, (35) 



11 



and we obtain for the z-factors of soft mass parameters 

z {1) - 2z {1) 
,<P = (2l^f + l)zS, ,2 = I((( + 1)§ 2 «. (36) 

Thus, the ^-factors of the soft mass parameters are entirely expressed in terms of 
z e and z m . The same relations have to hold for the independent symmetric diver- 
gences of the corresponding loop diagrams when using a regularization scheme 
with an UV regulator. 

These results are now exemplified at the one-loop level using dimensional regu- 
larization. Although this scheme breaks supersymmetry, the divergent one-loop 
contributions preserve all symmetry constraints. 



In dimensional regularization, the one-loop divergences for the self energies read 

4tt' 



(« = £) = 



S^ dlv = ^A , (37) 

Ef = ^-2p M 7"A , (38) 

£^ = £(- 4M A-4m 2 )A, (39) 

S ^ = ^( 4 ™ M a-26)A, (40) 

S^ = £(2p^-4m)A, (41) 

where \l/ is the electron Dirac spinor composed of the left and right-handed Weyl 
spinors ipL a and ip R . The divergences for D — ► 4 appear in the combination 
A = j^-p — 7_b + log 47T. To absorb them, the divergent parts of the symmetric 
counterterms have to be chosen as follows: 

4 1} = £a and 4 X) = £2A, (42) 

a 



$ = S 2A = ^ > ^ 43 ) 



ff = -2A^ = 4^, (44) 

4i I 2 m M 2 ' K J 

« = _A 2 + —^ =*«! + — -^ • (45) 



-2 



Indeed, these expressions are in agreement with the general results 

12 



Like in the supersymmetric model we find in addition that independent symmet- 
ric counterterms to the chiral (/-vertex and to the photon self energy in / > 2 
are absent expressing the non-renormalization theorem of chiral vertices and the 
generalized non-renormalization theorem of the photon self energy. 



With the same techniques as in |16| we are able to relate the photon self en- 
ergy in I > 2 and the chiral vertices to non-local expressions. The explicit 
expressions are modified by soft contributions but the content and the analy- 
sis of non-renormalization theorems is the same as in the supersymmetric case: 
Chiral Green functions are up to the gauge dependent wave function renormal- 
ization related to superficially convergent Green functions, whereas the photon 
self energy is related to linearly divergent Green functions, whose divergent part 
is determined from non-local expressions via gauge invariance. 

Hence, non-renormalization theorems and the relations of soft parameter renor- 
malization to the supersymmetry parameters are implied by the same symme- 
tries, namely by the multiplet structure of supersymmetric Lagrangians and by 
the identity QT7D which identifies the coupling as the lowest component of a con- 
strained real superfield. 



5 Normalization conditions 

Renormalization of softly broken theories is only complete, when the coefficients 
of symmetric counterterms are fixed by suitable normalization conditions. Then 
symmetries and normalization conditions together define the Green functions 
independently from properties of a specific scheme used for the subtraction of 
divergences. 



The z-factors zy v , z^ and z v in (|33D appear in the same way as in the supersym- 
metric model and can be fixed for constant coupling by a normalization condition 
on the electron mass and on the residua of matter fields (see ||23| ). Similarly, the 
1-loop parameter z\^ n is determined by a normalization condition on the photon 
residuum in one-loop order. With local gauge coupling the photon self energy 
in I > 2 is determined by non-local Green functions, and it is not possible to 
dispose of it by a normalization condition without a modification of the defining 
symmetries. 

In softly broken SQED there remains in addition a contribution from the gauge 
dependent parameter z^ fl32|). As a normalization condition one can require that 
the respective vertex function vanishes at the normalization point k 2 : 

T eaY e L (-p,p) =0. (46) 

13 



To complete the definition of softly broken SQED we have to prove that the theory 
as constructed here has a physical meaning in the sense that all fields can be 
interpreted as particles, i.e. it has to be shown that the two-point Green functions 
have a pole in perturbation theory. For this purpose we impose pole conditions 
on the 2-point functions and prove that these conditions are in agreement with 
the defining symmetries of the model. 

Apparently, there are not enough symmetric counterterms for setting normaliza- 
tion conditions of soft parameters, but these can be imposed when we include 
finite redefinitions of the mass parameters. In the extended model with local 
coupling such redefinitions induce higher order corrections to the shifts in the 
Slavnov- Taylor identity and in the Ward-identity of R-symmetry (p^ ): 

oo 



/(*)-► /(or) + i(M A + ][;«j»e 2 

e 1=1 

oo 

1=1 

oo 

D^D-2(M + J2v ( Se 21 ) 2 , (47) 

i=i 

but do not change the structure of symmetry transformations. 

In this context we want to note that due to parity conservation mass eigenstates of 
the selectron fields are constructed to all orders by an orthogonal transformation 
on the left- and right-handed selectron fields 

<fit = iffe^L - Wr) , V\ = 2^&l ~ <Pr) » 

¥>2 = ^V^((Pl + Vr) , ^2 = 2^^l + <Pr) • (48) 

These fields are also eigenstates with respect to charge conjugation and parity 
transformation: 

9i = -Vi . ¥2 =¥2 and vf = -¥1 , H>1 = ¥2 , (49) 

and the vertex function r^ 2 ^ vanishes due to parity conservation. With the finite 
redefinitions (^7|) pole conditions for the photino, and the scalar fields ip\ and tp 2 
can be established by adjusting the parameter V\, Vf, and % as functions of the 
mass parameters of softly broken SQED. 

The appearance of the higher order shifts ([|7]) does not change the analysis of 
symmetric counterterms and the content and analysis of non-renormalization 
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theorems. However, the Callan-Symanzik and renormalization group functions 
which we determine in the subsequent sections are scheme-dependent and depend 
on the specific form of the normalization conditions and symmetries. It is possible 
to include the higher-order shifts induced by pole conditions of soft parameters 
into the construction without difficulty, but their appearance obscures the alge- 
braic structure of the Callan-Symanzik and renormalization group coefficients. 
For this reason we will restrict to the classical shifts for the remaining part of the 
paper and note that these conditions match the ones used in the MS-scheme of 
dimensional reduction. For generalized normalization conditions, the respective 
expressions can be obtained by carrying out a redefinition of the form ([17]) in the 
Callan-Symanzik equation (|54D and the related mass equations 



6 The Callan-Symanzik equation 



The relations of soft breaking parameters to the supersymmetric parameters as 
well as the non-renormalization theorems have immediate implications for the 
Callan-Symanzik coefficients and renormalization group coefficients of softly bro- 
ken SQED. Indeed, from the symmetries of the model with local gauge coupling 
and gauged axial symmetry we obtain the gauge /3-function in its closed form 
and the all-order expressions for the anomalous mass dimensions and /^-functions 
of soft parameters. We start the construction with the Callan-Symanzik equa- 
tion and continue the analysis to the renormalization group equation in the next 
section. 

The Callan-Symanzik (CS) equation is the partial differential equation connected 
with the breaking of dilatations. The dilatations act on the Green functions in 
the same way as a scaling of all mass parameters of the theory including the 
normalization point K according to their mass dimension: 

W D T = -(md m + M x d Mx + Md M + 2bd b + k8 k )T = -^ . (50) 

At the tree level, dilatations are broken by the vertex functions with non- vanishing 
mass dimension. By means of the external fields we obtain the following expres- 
sion in the classical approximation: 

-AM 2 [d A x -ir c i _ 2b fd'x (J- + -^-)r cl . (51) 

J 5D J \dq F Sq F J 
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We rewrite the classical equation ( (5"T|) in the form 

PlD„V c1 = , (52) 

and note that ^D^ is a symmetric operator with respect to the anomalous 
Slavnov-Taylor operator (|1^) and with respect to the Ward operator of softly 
broken .R-symmetry (p2f). 



In higher orders the CS equation of softly broken SQED is constructed in the 
same way as for SQED. For this reason we skip the construction and refer for 



details to |16[ . There it was shown that the CS operator has to be constructed as 
a symmetric operator with respect to the anomalous Slavnov-Taylor identity. We 
find five independent Sr cl -invariant operators with the correct quantum numbers 
- they are just the ones which we have already used for the construction of 
invariant counterterms. These five operators can be extended to sr + r^SS- 
symmetric operators £>ki n ,T>y™, M v , M^ and M^ v . The CS operator is composed 
as a linear combination of these five operators: 

C = iMP m + P^V km - £(7 (0 ^ y : ( ° + W + 7i°< + 7?iO-(53) 



The algebraic construction yields the CS equation 

CT = A y (54) 

for the extended model of SQED with soft breakings. In ( |5l| ) Ay is a field 
monomial linear in propagating fields and contains those parts of invariants, 
which are not expressed in form of operators. It is also uniquely defined in 
the algebraic construction and depends on the CS coefficients of the left-hand 
side. 

The invariant operators appearing in the CS operator (|53|) are given in their 
general form in appendix B, here we want to point out the property that the 
symmetric operator Tfy ™ includes not only an /-loop operator, but also opera- 
tors of order I + 1 : 

p sym(0 ^ v m _ f (i) ( 4P G+i) + gi^+i) _ 8(/ + i) r (D^ +2) )) . (55) 

In this expression the operators of order / + 1 are determined by the anomaly 
absorbing part r^<5«S of the anomalous Slavnov-Taylor identity. The operator V e 
contains a differential operator with respect to the gauge coupling and determines 
the gauge /^-function in its closed form [EB|, |28|]. The operator My describes an 
anomalous dimension of the axial vector multiplet and generates the X-term to 
the scalar mass /3-function 0. 
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In its structure the CS equation (]54]) coincides with the one of the supersym- 
metric model. It contains the two gauge independent coefficients /3^ and 7 and 
the gauge dependent anomalous dimensions of matter fields, which are specific 
for the Wess-Zumino gauge. Furthermore, the one-loop coefficients are mass in- 
dependent, and are therefore the same functions as in SQED. In particular one 
has 

/?« = e 2 -^ and 7 « = -£ . (56) 

For I > 2 the anomalous dimension 7 is in general mass dependent and depends 
on the specific normalization conditions for defining the coefficient of the invariant 
counterterm zy v . 



From the expression ( |54| ) we can extract the anomalous mass dimensions of soft 
parameters in their usual form. For this purpose we set the axial vector field, 
its superpartners and the fields of the g-multiplet to zero. Then we find the CS 
equation for the Green function of SQED with soft supersymmetry breaking and 
constant coupling: 

(//^ + e 2 0U + 4r (i) 7 )(e0 c _ Na - N x + N Yx -N C + N B + N- C - 2£%) 
- 7v (iV+ N VR - N Yvl - N Y J - 7 ^(AW+ N**~ Ny, L - N Y +j) T^ ED 

-4M 2 (1 - 7M ) fd 4 x -i - 26(1 - 7.) fd 4 x (^ + 4 
J 5D J \oq F dq F , 



V l ,q l =0 



-ed eli)V V2M x (Y&eaVL - Y^Tp L + ( L ^)) . (57) 

As usually it is an inhomogeneous partial differential equation containing on the 
right-hand-side the soft mass insertions of the breaking of dilatations. 

In the CS equation (|5"T| ) the anomalous dimensions of soft parameter, j Mx , j M and 
7b, are entirely determined by the anomalous dimensions of the supersymmetric 
mass parameter 7 and the one-loop /3-function (5 1 - 1 '. 

Like the higher-order contributions to the gauge /^-function the anomalous di- 
mension of the photino mass is determined by the operator I\ in and the operator 



Vf: 



lim(/3( 1 )p kin + 4r( 1 )V 7 Wp(' +1 ))r 

R — >p ' J 



E-*e 



(3 e (ed e + ■■■ )T E ^ e + ^ lMx jd'x (jj + ^y 



. {51 
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From this expression we obtain the gauge /3-function (3 e in its closed form, 

(3 e = e 2($i) + 4 r (i) 7 ) with 7 = £ 7 (/) e 2Z , (59) 

z 

and the anomalous dimension 7m a) 

7 m a = (2e 2 (/3« + 4r« 7 ) + 8r« £ 7 «/e 2 ( /+1 )) , (60) 

i 

in terms of /3e , 7^ and the anomaly coefficient n 1 '. 

Contributions to the anomalous mass dimension of the scalar mass M arise from 
the operator T>y v and from A/V- I n addition, from T>y v one obtains the anomalous 
dimension of the b parameter. Evaluating the operators T>y v ( [35|) and Ay (|S6|) 
for constant coupling we find: 

M 2 

72 = T ( "W + l)^+1eV"i), (61) 

7<' ) = 7 ( "(1+2'^T)- (62) 



Finally it is possible to rearrange the expressions for r y Mx , % and Jm into a more 
familiar form by applying the differential operator ed e on the gauge /3-function 
/3 e and the anomalous dimension 7 fl5"9"|). Defining the anomalous dimensions of 
soft mass parameters as a power series in the coupling 

7M = £e 2 < 7 2 and 7, = £ e 2 ' 7 f , (63) 



one obtains from (pOl) , (plf ) and ( p2|) the following expressions: 

7jvf A = e«9 e ( / 3( 1) +4r(V 7 ) , (64) 

M 2 M 2 

lu = j^ed e (ed el ) + ^ed el + 2r«e 3 d e7 , (65) 

, Mxm a (aa\ 

lb = 7 H J— ed el ■ (66) 



These expressions coincide with similar expressions given for the /3-functions of 
soft mass parameters in refs. |5|, U including the AT-term for the scalar mass (3- 
function || . The relations of the anomalous mass dimensions in the CS equation 
to the renormalization group /^-functions are discussed finally in section 7. 



In summary we find that the CS equation of softly broken SQED contains the 

same gauge independent coefficient as the CS equation of SQED. These are the 

one-loop /3-function and the anomalous mass dimension 7 appearing with the 

renormalization of the supersymmetric mass parameter m. Hence, the gauge (3- 

function is expressed in its closed form, and one obtains a common anomalous 

dimension for the chiral supersymmetric vertices. Both are implications of the 

non-renormalization theorems for chiral vertices and for the photon self energy 

in I > 2. Moreover, and this is the remarkable point of the construction, the 

anomalous contributions to the soft breakings are completely expressed in terms 

of the two gauge independent CS coefficients fr e , 7 and the anomaly coefficient 
r (i)_ 



7 The renormalization group equation and the 
limit to supersymmetric QED 

The CS equation is not the only partial differential equation for scaling of mass 
parameters in softly broken SQED, but we can derive similar equations as the CS 
equation for the differentiation with respect to all mass parameters of the theory. 

The corresponding mass equations take the general form (Mi = M\, M, m, b): 

(M i D Mi + Pl {1) V kin 

~ £(7 J(0 ^ m(0 + 7f A/"« + 7 f A/J° + 7; ( >^))r = AV . (67) 



Here MiDMi are the symmetric operators corresponding to the mass differentia- 
tion MidM v Explicitly one has: 



d A x (— + —) , (68) 

M x D Mx = M x d Mx - Jd'x ^(| + |)r, 



M x D Mx = Md M T + AM 2 / d 4 x ^r , 



bD b = bd b + b fd 4 x ( 



8D 

5 5 , 

+ 1— r. 



Sq F Sq F 



Starting from the classical equations it is obvious, that the breaking of higher 
orders in eq. Q57D is a linear combination of the five sr+r^&S-invariant operators, 
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which we had used in the construction of the CS equation. Hence, in the limit to 
constant coupling we find among the coefficient functions of the individual mass 
equations the same relations as for the coefficient functions of the CS equation 
(see (|59|) and (|64]) - (|66|) ). The /3 function p e and the anomalous dimension j l 
appearing in (|6T| ) are scheme dependent and depend on the specific normalization 
conditions already in one-loop order. 

By subtraction of the single mass equations from the CS equation we obtain the 
renormalization group (RG) equation for the variation of the normalization point 
k. The /3-functions of the RG equation can be compared with the /3-functions 
of soft mass parameters as defined in refs. || |6|, §. The latter are determined 
in specific mass independent schemes. The intrinsic normalization conditions of 
such schemes are normalization conditions at an asymptotic normalization point 
k,^ which is much larger than all mass parameters of the theory |f2P[ : 



|«4| ^m\M{, b, M 2 . (69) 

We take the usual normalization conditions for the residua of matter fields and of 
the photon field in one-loop at the asymptotic normalization point kL p3[. For 



a mass independent definition of the invariant counterterm T ct y v (^) we choose 
a normalization condition on a dimensionless vertex function at the symmetric 
point as for example: 



q^RaiPf 



= 2 . (70) 



Evaluating the equations (p7|) for the normalization vertices at the asymptotic 
normalization point we find that the mass equations are in their tree form to all 
orders of perturbation theory, i.e. 

MiD M T = , M^m.M.M^b . (71) 

(We omit the contributions 7^ of the trivial insertion in the subsequent discus- 
sion.) 

By means of these mass equations the field differentiation on the right-hand-side 
of the CS equation (|57|) can be eliminated for constant coupling in favour of a mass 
differentiation. The resulting equation is the RG equation of softly broken SQED 
for asymptotic normalization conditions. It is a homogeneous partial differential 
equation for the vertex functional of softly broken SQED r sS( ^ ED : 

(^oo9 Koo + (3 e (ed e -N A -N X + N Yx -N c + N B + Nc- 2£<%) 
+7M x M x d Mx + 1mM8 m + 2~f b bd b + 2-/md m - rf v (N VL + N VR 

-N Yvl - N Y J - ^(N^ + iV fe - Ny^ - iVV.j) P S Q ED = (72) 
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Here (3 e and 7m, 7m a and 7& are functions of [3 e and 7 as given in (|59|) and (|64]) 
- (|66|) . Interpreting the coefficients of mass differentiation as /3- functions for soft 
parameters one gets: 

Pm x = M x ed e (3 e , (73) 

/ M 2 M 2 1 ft \ 

hl = M (ut 2ed ^ ed ^ + 2M^ e7 + 2 e ^i) ' < 74 > 

f3 b = 2b( 1 + ^ed el ) . (75) 



These expressions can be immediately compared with previous results on the 
/3-functions, finding correspondence for the /^-functions of the photino and the 
6-parameter ||, ||, and the correct all order expression for the /3-function of the 
scalar mass as suggested in 0. 

Finally using consistency conditions of the mass equations ( |7T| ) with the RG 
equation (|72|) we find that the coefficients 7, 7^ and 7^, are mass independent 
lP9fl . For this reason the CS coefficients of the supersymmetric theory and the 
CS coefficients as well as the RG coefficients of softly broken SQED coincide for 
asymptotic normalization conditions. In this sense the RG functions of the softly 
broken theory are indeed determined by the ones of supersymmetric QED. 



8 Conclusions 

In the present paper the specific renormalization properties of softly broken SQED 
have been worked out on the basis of algebraic renormalization. The construction 
is based on the extended model of SQED with a local gauge coupling and gauged 
axial symmetry. In the extended model softly broken supersymmetry is a natural 
generalization of unbroken supersymmetry. By a constant shift in the highest 
components of external field multiplets the soft mass terms are generated without 
changing the structure of defining symmetry transformations. 

The non-renormalization theorems of chiral vertices and the generalized non- 
renormalization theorem of the photon self energy in / > 2 are deduced in the 
same way as in the supersymmetric model: Chiral vertices are superficially con- 
vergent up to gauge dependent field redefinitions, and the photon self energy 
can be related to non-local expressions via gauge invariance. Furthermore, it is 
seen that the symmetric counterterms of soft mass parameters are related to the 
counterterms of the supersymmetric mass and to the one-loop counterterm of the 
photon self energy. 
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These relations imply also restrictions on the /3-functions of soft mass parameters 
inferring the closed form of the gauge (3 function and the exact all-order formulas 
for the soft /3-functions from the algebraic construction. 

In comparison to related constructions (see || |3(| and |3ll0 the relevant differ- 
ence concerns the inclusion of anomalous axial symmetry with the axial vector 
multiplet in the present construction. In ref. [|16J we have shown, that the axial 



vector multiplet has to be introduced in order to complete SQED with the lo- 
cal gauge coupling to a multiplicatively renormalizable theory. Including axial 
symmetry we have to care about the Adler-Bardeen anomaly with its supersym- 
metric extension. Then, of course, a consistent higher-order construction cannot 
be performed with arguments on invariant schemes and, in particular, it is not 
possible to infer the RG /^-functions from symmetric counterterms in general. 

It is the remarkable point in the construction that the local coupling makes pos- 
sible to absorb the anomaly into a modified anomalous Slavnov-Taylor identity, 
and in this case algebraic renormalization can be performed in presence of the 
anomaly. The closed form of the gauge /^-function and the all-order expressions 
of soft /^-functions are the result of the algebraic construction of the CS and RG 
equation in presence of the anomaly in the Slavnov-Taylor identity. 

Finally we want to remark that the present construction is not restricted to the 
Wess-Zumino gauge, but can be performed in the same way with linear supersym- 
metry transformations and a supersymmetric gauge fixing using the superspace 
formalism. 
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A The BRS transformations and the Slavnov- 
Taylor identity 

In this appendix we list the BRS transformations of external fields including the 
shifts. The BRS transformations of the remaining fields take the conventional 
form with local gauge coupling and are not modified by the shifts. Their explicit 
form can be found in ref. fill 



BRS transformations of the axial vector multiplet and of axial ghost 

sVy, = dyfi + iea^X - iXcr^e - iu u d u V p , (76) 

s\ a = l -(ea pa ) a F pa (y) + l -e a (D - 2M 2 ) - iuo v d v ~\ a , 

sl & = ^-(m p(7 )aF pa (V) + l -e^D - 2M 2 ) - tu u dX , 

sD = 2ea»d f J + 2d lt \<r*e - iuj u d v D , 
sc = 2iea u eV u — iu u d u c 

BRS transformations of the local coupling and its superpartners (0) 

sri = e a Xa - iuj u d u r] , (77) 

srj = Xa^ ~ iu u d u r] , 

sx a = 2i(a^e) a d p r] + 2e a (f + — ) - tuj^d^Xa 

_ - M x 

sxa = 2i{ea») 6l d l _ l ri - 2e d (/ + — ) - iu^Xa 

e 2 

sf = -M(e X + xe) + id, X <?^ - iu»d,f 
sf = -M(ex + xe)- iea^d^x ~ i^dj 

BRS transformations of g-multiplets (D) 

sq = +2ic(q + m) + e a q a - iuj v d v q , (78) 

sq = -2ic(q + m) + q^e - iu v d u q , 
sq a = +2icq a + 2z(cr A 'e) Q D /i g + 2e a (q F - b) - iu^d p q a , 
sq & = -2icq & + 2i(ea fl )aD p q - 2la(q F - b) - ico^d^ , 

sq F = +2i~c(q F - b) + iD p q a a^e« - 4iX d e d (g + m) - iu^q F , 
sq F = -2i~c(q F - b) - ie a a^D f jf + &e a ~K(q + m) - iuJ»d p q F . 

The covariant derivative is defined by 

Drf = (d, - 2iV,)(q l + (m, 0, -b)) (79) 
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The classical Slavnov-Taylor identity ([13]) expresses in functional form BRS in- 
variance of the classical action and on-shell nilpotency of BRS transformations. 
The Slavnov-Taylor operator acting on a general functional JF is defined as 

bT 8F _bT JF bT 

+ sc Tc + sB Jb + S ~ C 1E + s ^ + sx ^ 

bT bT bT bT bT bT bT bT 

+ W^Wl + W l Wl + v^ZWl + ^f L bW« + 

ibT ^bT ,bT _^bT 

B Invariant operators 

The invariant operators O sym are defined as being symmetric with respect to the 
symmetries of functional of 1PI Green functions: They are invariant with respect 
to the anomalous Slavnov-Taylor identity: 

(s T + r m SS)O sym T = O sym (S + r^SS)T + (s r + r^bS)A Y . (81) 

The expression Ay is defined to be a collection of field monomials which are linear 
in propagating fields. And they commute with the Ward identity of i?-symmetry: 

[O sym ,W R ] =0 . (82) 



According to the identity (|TT| ) they depend on rj — rj only by a derivative. The 
numbers of local couplings contributing in the operator of loop order I is restricted 
by the topological formula (|i6|). 

The five invariant operators are defined by the following expressions [|T5[]: 

• The gauge independent operator V kin is strictly one-loop and expresses the 
renormalization of the local coupling: 

T& = [*x e 2 (el - A"Jr- - \<*J- - T * 



kin 



be bA» b\ a §\ a 

M, ( ± A) 

+ Y a — + ¥-«—- c- 

+a s + 4- 2 <«*> + 4- 2 *£) (83) 
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The gauge independent operator V S J™ extends the s r invariant operator 
T> v y to an Sp + r^&S-symmetric operator: 

V S J™ = V® - r« {AV^ + 8Z(.< +1) - 8(1 + l)r« &A$ +2) )) . (84) 

The Sp symmetric operator is defined by: 



1 ' ■ - ' d X V SV» 5\« 8 f 

8D oc 

- 2e 2l (q + m)-£- - 2(e 2l q a + 2 X {E2l)a (q + m)) J- 
oq v oq° 

- 2{e 2l (q F -b)+ 2f^\q + m) - X^q*) ■ * 



5q F 

- 2e 2l (q + m) A _ 2 (eV + 2^(g + m)) ^ 

- 2(e 2l (q F -b) + 2f E2l \q + m)-xf l) T)^j (85) 

The operator My contributes to an anomalous dimension of the axial 
vector field and its superpartners: 

A/^ = f*x (e 2l (wj- + X^ + t^ + (D- 2M 2 )i) 



5X 
2 8X a 2 8X 



^(v^+^xf^-ixr^)^), (86) 



and 



SAfV = j d ± x e 2l V»V^ ; (87) 

the operator V e describes a redefinition of the coupling e(x) and its super- 
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partners: 



P G +1 ) = J* x ^1_ _ 2(x c->. _L + ^_L) 

-2(( / ^)-M A ^)^ + (7 (B2I) -M A Oi)) 

V 5A^ 5A a ^ a SB 

_ y« J_ _ y_- JL + C A _ ? A 
A SY« x 8Y* 5 c 8c 

+ 2(£(x) + 0^ + 2^— ) • (88) 

In eqs. (|85|) , (J86|) and (|88|) the components of the multiplet E 21 are defined 
by the following expansion: 

E 2l (x,6,6) = {ri(x,e,0) + rj(x,6,6) + ^(6 2 +f))~ l 

= e 2 \x) + e^r + xf l) t + e 2 f^ + tf E2l) 
+ ecroevf") + i6 2 (\ {E2l) + ^ X ^W 

_ ife{\^ 1 ) + l^d,x {E2l) ) + -d 2 t{d^-Ue 21 ) (89) 
For constant coupling one gets: 

lim/^)=lim7 (£2i) = -/M A e 2/ , 

lim d^') = Ml + l)e 2/ M 2 , (90) 

E— >e 

all other ^-components are zero. 

The three operators corresponding to the field redefinitions are BRS varia- 
tions and as such they are gauge dependent: 

N$>T + A% ee s r J*x e 2l f$\0 {Y^l + Y^JPl + (wO) (91) 
M§T + A®, ee Sr |d 4 a; e 2l fi\i) {^ L + ^ + ( L _^)) (92) 
<r + Aj?^ ee (,r + r«*S) |d 4 x V^f) (x^l^ 

+ X^Vl^ l + U^))(93) 
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Explicit expressions are immediately obtained by evaluating the Sr+r^'SS- 
variation. They can be also found in Jl6 . 
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